SoLuTION PET 510 FaLL 2013: PART A

Problem 1.

(a)
(%)

Consider the linear transport equation

ut + a(z)u, = b(x,u), z € R = (—00,400), u(z,t =0) = up(z) = ¢(x).

- Transport effect represented by the term a(z)u,: If a(z) < 0, then a transport from
right towards left. If a(x) > 0, transport from left towards right.

Impact from the source term b(z,u): If b > 0 this will lead to a growth of u, whereas
b < 0 will imply that « is reduced?

Let a(z) = = and b(z,u) = 0 in (*). Characteristic X (¢) is given

d
@X(t) = X (1), X(t=0) = o,
which gives the solution X (t) = zge’. Moreover,
d

dX
@U(X(t),t) = Uz +ur = ug X(t) +up =0,

since u is a solution of u; + zu, = 0 and satisfies u; + X (t)u, = 0 along X (t), i.e.
u(X(t),t) = u(zo, t = 0) = ¢(wo) = H(X (t)e ™).
Conclusion: u(z,t) = ¢(ze™?).
Check:
(i) We see that u(x,t = 0) = ¢(ze’) = ¢(x), thus, initial data is satisfied.
(ii) Moreover, we see that
ug = ¢ (ze ") (ze ™)y = ¢ (we - (—1) - e7!
and
uy = ¢/ (ze ) (ze™), = ¢/ (we e

so, clearly, u; + zu, = 0.

Let a(x) = z and b(x,u) = u in (*). Characteristic X (¢) is given as above. Moreover,
d dX

@U(X(t),t) = Uz +up = up X (1) +up = w(X(1),1),

since u satisfies us + xu, = u. From this we get
u(X(1).t) 1 t
/ —du = / dt
u(xo,t=0) U 0
which gives us

In(u(X(t),t)) — In(¢(zo)) = t, or uw(X (t),t) = ¢(xo)e’ = d(X (t)e el

Conclusion: u(z,t) = ¢(ze~t)e
Check:



solution (b)
— — — solution (c)
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FIGURE 1. Left: Plot of win (b) at times ¢t = 1 and ¢ = 2. Right: Comparison
of u from (b) and (c) computed at time ¢ = 1.

(i) We see that u(x,t = 0) = ¢(ze?)e’ = ¢(z), thus, initial data is satisfied.
(ii) Moreover, we see that

up = ¢ (ze™)(we™); - e + plze”") - (')
= —¢'(ze Nwe -t + p(ze e = —¢ (ze x4+ d(we e

and

Uy = ¢ (ze ) (ze "), - ! = ¢ (we et e = ¢ (zeh)

Clearly, u; + zu, = ¢p(xe el =u

Now we choose ¢(z) = exp(—2?).
- Solution of (b) at times t = 1 and ¢t = 2 is shown in Fig. 1 (left).
- Solution of (b) and (c) at time ¢ = 1 are shown in Fig. 1 (right). Main difference is
the growth in u for solution computed in part (c).

+1

n _.n n _,n : : n _,n_ At/ m _ ,n
Ult1)o = uj and UP o = uf ;. This gives the scheme u}™" = uf — 30 (uf —uj_,).

Estimate for the discrete scheme:

[ T = g (1= A) + Al | < Juf (1= N+ g | = (1= M)|uf| + Aluf |

Here we first have used the triangle inequality |a+b| < |a|+|b|. Then we have assumed
that 0 < A < 1 in order to ensure that (1 — \) > 0 and A > 0. Now we sum over all



cells from 1 to M
M

Z\U"“K ZIU"HAZ\% 1]

M _
- ) Z uj| + A Z |u | (shift of index in last sum)

M M
- ) Z uj| + )\Z || (add |u}y;| in the last sum)

M
=2 Iy
j=1

. . M +1 M M 0
Hence, the conclusion is that > 5= [uf™ [ < 3202 [ul| < ... <3700 |uj,
Condition on the discretization parameters At and Az: 0 < A = % <1

Problem 2.
(a) Mass balance
(¢p)t + (pu)e =0,

where ¢, p, and u are porosity, fluid density, and fluid velocity (Darcy velocity).
Darcy’s law:

This gives

k k

(¢(p)p(p)): = (;p(p)px) = ;(p(p)px)x

Using assumptions on ¢ and p we get

k
P¢0[1 + CT(p - pO)]t = pdocrpr = ;ppmx-

This gives us
Kk
Kpocr

Pt = KDz,

(b) Verify that

1 =z _
plx,t) = NG /wZ e do

is a solution of p; = py,. Note that F(x,t) = ffg’t) G'(0)0 = G(b(x,t)) — G(—0).
Consequently,

Fz,t) = G0, F(a,t)y = G'(b)by.



Using this with b= -2~ and G/(0) = e~ we get

2Vt
L 1 HP[® Tl Tlsp
Dt ﬁe t ﬁe 2\/7? . Qﬁe 9
and
o = 2]
RV 0itle 2wt/
and
1 _ ﬁ] 1 _[ﬁ] 33‘2 X _ ﬁ}
Paa =5 Jmtl/2 [6 L T o mizt gle == Taymert
Clearly, pt = paa-
Initial condition:
x<0: t—>0+:>x—)—oo:p(a:t)—)l/_ooe(ﬂdQ:O
2Vt VT
and
>0 t— 0" = - 5 oo = pla,t) — /+OO 4o =1
x : — 00 x, — e =
21 P NG -
Discrete scheme (explicit in time):
Pyt =pr 1
% = Fw([pm]?+1/2 - [Px]?fm)
Pj+1—DP
J= 17 7M_ 1 [pax]]+1/2 == A.’[’ /
p1—0
=1 0— by
T = [pﬂc]M+1/2 Az/2

Stability condition: % < %

Estimate: We multiply the equation by p and get
bt = PxaP

or

L

7(p )t - (pévp)x — PzPx-

2
Next, we integrate in space from 0 to 1:

1d 12 1 1 )
- dx = op)p dz — )2 de.
2t ), P /0(2929) T /0(19) T

For the first term on the right hand side we get:

1
/ (pxp)a: dr = Pxplﬁzé =0,
0



using the boundary condition. Consequently, we have

].d/l 2d /1( )2d <0
5. Xr = — ' T >
2dt J, ¥ o 7

which gives the inequality % fol p? dr < 0. We finally integrate in time over [0, ¢].



