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EXERCISE 1

Consider the curve ¢ r(t) = (sint +¢)i— v3sintj+ (2cost +t)k, 0<t <3,
a) Find a unit tangent vector to ¢ at the point corresponding to t = .
b) Compute the line integral

22— —y—xds.
v V3

Consider the vector field given by
F(z,y,2) = (*Z+y2)i+2xyj + (22— 2)k.

¢) Show that F is conservative by finding a scalar potential ¢ for F.

/Fodr.
¢

d) Compute the line integral

EXERCISE 2
Consider the transformation v = 22 + y, v = x — y, between the (z,y)-coordinates and
the (u,v)-coordinates.
Let R be the bounded region in the xy-plane between the lines y = 1 — 22, y = z, and
the y-axis.
a) Sketch the given region R in the xy-plane and the region S in the uv-plane that
corresponds to R under this coordinate transformation.
b) Find the Jacobi determinants
0(x, o(u,v
) ™ o)

¢) Use the change of coordinates given above to compute the double integral

//Rx(:n+ )2z +1)dA.




EXERCISE 3
Let .7 be the triangular surface with vertices at the points (2, 0,0), (0, 3,0), (0,0, 2).
Let T be the solid region in the first octant that lies under the surface ..

a) Give a brief reason to explain why

///Tdev—///Tszv,

and then compute the triple integral

///Tx2+z2dv.

b) Compute the surface integral

// 6 —3z—2ydS.
S

EXERCISE 4
Consider the vector field F(z,y, z) = (—223 +y3)i+ 322y — y3)j + (2 + 2y) k.

a) Compute V o F (the divergence of F) and V x F (the curl of F).

Let . be the piece of the surface of the cone defined by 22 = 22 + 42, for 0 < z < 1.
Let N be the downward pointing unit normal vector field to ..

b) Use the divergence theorem to compute the flux

// FeNdS.
5

Let G = G(z,v,2) = Gi(z,y,2) i1+ Ga(x,y, 2) j + G3(z,y, 2) k be a vector field, and let
zG be the vector field given by multiplying each component of G by z, so that

2G(z,y,2) = 2G1(z,y,2) i+ 2Ga(x,y,2) j + 2Gs(x,y,2) k.
¢) Show that the curl of zG is given by the formula
Vx(zG)=2(VxG)—Gai+Gij.
Hence, or otherwise, compute the flux integral

// ((xz — 3%y + v°) i+ (v° — 22° — y2)j + (6xyz — 3y%2) k) e N dS .
S

Hint: First use the formula for V x (2G) together your result from part (a) to
compute V x (zF), and then apply Stokes’ theorem.

END OF EXAM



Formulas:

Change of variables for double integrals:

//fa;ydxdy—//f w,v), y(u, v)) | 2EY

(
d(u,v)

Line integral of a function f along a curve ¢: r =r(t), a <t <b:

[ ras= | " peey |2

Line integral of a vector field F = Fy i+ Fj+ F3k, along a curve €: r =r(t), a <t < b

b
X d dz _dy . d
/ FeTds = / Fedr = / Fidz+Fydy+Fadz = / F(r(t))od—r dt = / B RY S
. . . ., ¢ atatCat

Integral of a function f over a surface . : z = g(z,y), parametrised by (z,y) € R:

[ras= [ e (3) (2 wear

Integral of a function f over a surface . : G(z,y, z) = ¢, parametrised by (z,y) € R:

[ as- //f!V;I

Flux of a vector field F through a surface . : z = g(z,y), parametrised by (z,y) € R:

//FodS //FoNdS //F i—g'—ggﬁk)dxdy

Flux of a vector field F through a surface . : G(z,y,2) = ¢, parametrlsed by (z,y) € R:

//FodS //FoNdS //F. g ey

Divergence theorem:
// VeF dV:#FoNdS.
D 7

//(VXF).NdS:jF.dr.

Formulas involving V = (% i+ By i+ 35 k

Stokes’ theorem:

grad f=Vf, divF=VeF, curlF=VxF.

Cylindrical coordinates: (rcosf,rsin,z) = (x,y, 2).
Spherical coordinates: (Rsin¢cosf, Rsin¢sinf, Rcos ¢) = (z,y, z).
Trigonometric formulas: sin20 = 2sinfcos#, cos20 =2cos>H —1 =1 — 2sin? 4.



MAT 300  FinaL Exam 2 0177

| €

1<

(£)= (sint <t)¢ - S3sint p e (2est <R

<t ¢ 3m
Ot <=l

(@) r'(&)= (cost+1)¢ -ﬁwst}+(~29mf*')k
iy (=1+1) 0 4 \f?JLJrK: \Ejl ek
el e 4 - (T -2

2z -2y - - .3
54 O(S”L -ﬁ(’('y'%) ”(g'f Fle(o]vr (6] dt
0

lr’“>'=mt+ FVz cort) ¢ (—2gat «n)”

ot Qeost el ¢ Beost te hositte hamt <

- f6+2</ost - [fsfwt‘

Flrle)= 2cot+t »%(~f3 smt) = (sint + %)

- ;Z(/oS"JC‘f'Sl.V\'t
3w ',
§OJ-FO(3:§L(2(/O${: -«—SW\%)(G\‘ ZQOSt"LfQHA'&)L 0(/(:
¢ 0
Lef U= 6+ 2iost - hsint > iz (C2 sint - kst ok

= =2 ((sint + 2 cost)olk

t=0=> w8,  t= T u-p0



0 £ s = 'O_’I ", 3, ] >

o f T fg T e
A ~2-449%

y = :

(C |- ()1,(,1,2): (~ 2+ (j7'>£ + 2X9}+ (2%—x)k
:Y¢
> O .. »© o @
9){ - %.fj 3'8,2)(9 _3———2':2%")(

( = ¢(>/,3,%): — %)(-1‘sz+ C,(y,%)

> of
% " Ay ¢ 9C :@ix‘é > Cly2)= c(2).

"3

= W%.(ﬂ,%): - X+ (jix v C,(2)
= of €
P
>z x+3%=22vx = Gl2=2%+C
>>¢(X,‘j/2>:~—2')<+3lx+%1+0. /Ca»\ fole €= 0).

d
@ fcf%{ TP (E) - Blro) smw s consematine

N Iooh%\/h'a! Q.

HRAEIC RN ES

?%r*_ 3-3—;~3: 67T — 3

= f Prde=bm-3_u - g7

u




3.
2. wu-= XZHé ) VEx-y.

’R . rea/\'o\/\ \De"'W‘Q.Q/V\

1

j:l—xi, Y= x,

X = O((j—dju's)
(o) 3:(*)(1 = >(2+%:\ > =l
\j:x > X—gro = v=20.
X=0 = U+ V= X7’+ké+><—8: xTex= 0 .> v=-u
%} v
K g
U +v= 0
(“//, j:"
2
/// V=0
et
e o ;
X=0
v u o m
(k> 9((4, ) ] _b—; }\ar _ ZX ‘ ) "2){" - _(2)(1'/>.
b(x,lj) oy > ’ N
o= ¥y
Iy 1, ]
oluv) Ol —2x~1 2y +]



()
2o ] x btz an. A - )?_(ﬁi’ dadv = L g
Q 0 luv) A x+€)

(gfnu Lxtl 20 on R)

Sy T

S

So I:JIUf—\/ olu v .
S

0 <u < —u < — (T
g O U l/ M"V\(O"D I:g‘oajg U ev O(V

0 -U
o] ! {

d- S;[-u“’w"l dt = | 4ol

o

— (_/(Bl‘: ’/é
2°3 o 2

NO\*Q"‘ /n/\_g_ Ws‘f‘\'om should have skodreol : ) Let R be

pmam—,

‘H/\Q bouvxotul rea/\‘om ow + 'a A bgl# O\C

e Xa - ()lawz - ,'. No  mwrav ks are pua@ucf‘ea(

I‘C 300( Q‘Lwl'o{\eo( ‘fb\z hegw'ow Q on The {e1cw'~
halF P\OM lbounded 192 Hne fawe Three Aines:

yrx ,
/(l/\./‘f D()Oef V)OlL q?ﬁgcj% 7‘4\6

7~
)

; nov

&)W\CSPOV\A’."V\S "&J\'OV\ S

e  ansneu o part (b) (¢).




A
%6(&?) T @ DS vl
0 ¢ 2¢A~x
(9 oglésg—i%x—%?_z

Bla/ Sva/w\w*v-a ot T under exchonge oF  veriakled
we  howe m x o\ = jﬁzzd\/.

T T
e (/OVY\()W ”g x*dV ond meJJﬂ‘p)g bg 2 to 5% el
T ANSWer .
pye o a0
XLMV: D(XS d2 g 1
X
. A

2-x

n

3
X - /22> 0(2 = § 35p%2 =2 2o ~;3)(zz‘zfx
2
0

~hw

IRRNEE

2
[ e 0 k) b

"



(b) (f b - 32 -2y dS.
,S

/g" %X*Z%ff%Z;(o . X290 32‘9)?20

- .3
47)/\97‘601’”"0“ 0WAO Xy - f/owe @ s K

&

3/('?23:6.

R

U/‘r G(X,‘j,z):gx-r 23*32,’“«1/%/536()(.7,2)16.*]

= V(S: V 6 p'{xﬁ('3= 12_2'*'2'*24&,0(,(”(2,

P
S —————————

26

V(6 -47- 207

2

ST
3

X

70/)(9%



(“}Y-ﬁ,_éxzfgxz_331+ 32 ;3(2"61_%0
R e
~ o~ - ) )+ }(—-(ﬂ)-{—]j é)( ~27.>
% % % S
_.2)(3”:1" 2){’23,73 %3_,,(3 = XL - tj | ¢ (6)“3 - 2ljz)k

0z < ool D olisc
2=l , i N-= /}g

= S(, 0{)(0% g 1O Syfmwhyfrﬂfb
D oo Xy b&'/\g odd
(n X, S‘aa )

“omea (D)= 7T



5.
NO\,O T 0f&<aw O v&y, rz<l in Oj’g-o"”"z‘-
v

\
W
)
3
—
—
o
D)
r
-
SV

\
o
—y
O r—
W
ﬁ
1
ﬁ
W
|
~
=
+
+
S
I

"
o™
A
— —
s

~ +’_t( 8——!5+|O]:I
(S 6o [0 .



d X (hj
- Z(ZXQ)"Gzﬁ*G:j; o5 regmired .

+}f(?§_§g~z}6.) by prodit e

Y’((E,\F_): 2(YYF>"F2£

ﬂF'}
- 2>(&' - %ﬂJL + (é%n%-—?mf%)k = (31(23 “j3>£

+ ( -’lx7+\/)3)ér

—
-—

,g (2 X - 3x1ﬂ+(jg) * j—( - 2x3+(j1—2‘j) fk(éxj?-?vlz').

~

So  we peed 1o www‘eﬂ({x)«(ef) N 4S
3
By Shkes frsorem = 2 by €
C
M clockwice Onehaton whan Wewed Frpm albove .



1

1

g éij%- g\jl% Ofxo(,v’- U B(jz—— éx«g d(xﬁ%
D "
2=/ on D)

pwoler refection

H Ul ”(Xd"} Srnee D s S%’MMI/}'Y\'C,, X = —x
D oA Xy ;3 oddd

| <

2m
3] [ rrsier doar - 2 (TG db
t 0

=5

S (1= cos26)



/1,

———

A/#Wm/fwe Solufron ! q[m;m I = jét @ﬁ%{/

COV\/\PV/L?- OQA‘NCJ’“C)) ; X = cos & 3 = — ging, & GCO,ZW]

ﬂ/X; ’gl‘hﬁﬂw, 06(7; —(/Of@'w) 0/2'30

f ( CosG, - SinG, ’> = (’2 Cos3G = SI‘WB&)}; -+ (—3 Cosysin®”
+ §’fn39)j',

+ (1 = cosesnE) ke

/\l:/ ‘ &\V, = [2 wsze’gimﬁ’ + Sint & + 3 (/053&’31‘/19/ - 9;\03(9’(/095‘] A

© ® & ®

T evivu @/@ &  vanith Ao fmng"‘fﬂ/ in O=0 toom,

?Tr: o

0

2w
b, examfke, f ws‘&sm&w:-’@wc"&

pu—
-

vk c2 oy ®
Sth ' 6= (QW\ 0) = (;’_(\— (,ocw»L '/(f (l-lc/on&*COSLZ@)

Cos26  ull e gy obe o O, Cos™ 28 = —;:((/9948’ 1)

2

7>§8{\n“9’0(,@—= ! .
N

e

)
. p S pove
0

1

E_.sz _2'_71?
g 4

e



	MAT300_20171211
	MAT300_20171211_Solutions

