THE UNIVERSITY OF STAVANGER

FACULTY OF SCIENCE AND TECHNOLOGY

EXAM: MAT300 Vector Analysis (re-sit exam)

DATE: 4. March 2019, 09:00 — 13:00

PERMITTED TO USE:

Rottmann: Matematisk formelsamling

Calculators permitted in accordance with TN faculty rules

THE EXERCISE SHEET CONSISTS OF 4 EXERCISES ON 3 PAGES
+ 1 PAGE WITH FORMULAS.

EACH OF THE 10 PARTS 1a, 1b, 1c, 1d, 2a, 2b, 3a, 3b, 4a, 4b ARE WORTH EQUAL
MARKS.

EXERCISE 1
Consider the curve €: r(t) = cos(3t)i+e'j—sin(3t)k, 0<t <2
a) (i) Is € a closed curve? Give a reason for your answer.
(ii) Find a unit tangent vector to € at the point corresponding to t = 7.

b) Compute the line integral

/3:2+y2—|—22—1d3.
4

Consider the vector field given by
F(z,y,z) = (siny + ze®) i+ (rcosy + cosz)j+ (—ysinz + e*) k.

¢) Show that F is conservative by finding a scalar potential ¢ for F.

/Fodr.
4

d) Compute the line integral



EXERCISE 2
Consider the transformation u = y, v = 22 + y, between the (z, y)-coordinates and the
(u,v)-coordinates. Let R be the region in the right half of the zy-plane that is bounded
by

y=4—22 x=1, and the z-axis.

a) Sketch the given region R in the xy-plane and the region S in the uwv-plane that
corresponds to R under this coordinate transformation. Make sure to clearly
label all lines and curves that you draw in both the xy-plane and the uv-plane.

b) (i) Give a brief explanation of why the double integral

//R zy(z® 4 y) da dy

must be a positive number.
(ii) Calculate the Jacobi determinant ggizg
(iii) Use the change of coordinates given above to compute the double integral

//ny(fc2 +y)dedy.

EXERCISE 3
Let the surface . be defined by 22 +y? + 22 = 4 for 0 < z < 1. Note that .7 is the part
of the surface of a sphere of radius 2 that lies between the horizontal planes z = 0 and
z=1.
Let the surface &# be the half of the surface . that satisfies y > 0.

a) (i) Suppose that a function f(x,y, z) satisfies

f(z,—y,2) = f(x,y,z) for all points (z,y,2) € R>.

Carefully explain why it then follows that

//yf(x,y,z)dS:2//%f(x,y,z)d5.

(ii) Compute the surface integral

// 222dS .
5

Let T be the solid region bounded by the surface ., the horizontal plane z = 0, and
the cone 22 + 3% = 322,

b) Compute the volume of T, given by the triple integral

///TdV.



EXERCISE 4
Consider the vector field F(z,y, 2) = (y — 22%) i+ (siny + $222) j + (32%y + *) k.

a) Compute V o F (the divergence of F) and V x F (the curl of F).

Let € be the triangular curve with vertices at (2,0,0),(0,0,2), and (0,2,2), equipped

with the clockwise orientation when viewed from above.

b) Use Stokes’ theorem to compute the curve integral

%Fodr.
4

END OF EXAM



Formulas:

Change of variables for double integrals:

//fxyda;dy—//f u,v),y(u,v))

Line integral of a function f along a curve ¢: r =r(t), a <t <b:

[ ras= | " peey | &

Line integral of a vector field F = Fyi+ Fy j+ Fz3k, along a curve ¢: r =r(t),a <t < b:

b
X d de dy . d
/Fons:/Fodr:/Fld:r—i—F2dy+F3dz:/ F(r(t))odrdt:/ LR Y % ar .
. . . i t atrat S at

Integral of a function f over a surface . : z = g(x,y), parametrised by (z,y) € R:

[ras= [ nfre (3) (2 wear

Integral of a function f over a surface . : G(z,y, z) = ¢, parametrised by (z,y) € R:

[ s as- //frv;r

Flux of a vector field F through a surface . : z = g(z, y), parametrised by (z,y) € R:

//FodS //FoNdS //F :I:—g'—ggj—i-k)dxdy

Flux of a vector field F through a surface . : G(z,vy, z) = ¢, parametrised by (z,y) € R:

//F.ds //FoNdS //FoiVGda:dy

Divergence theorem:
// VeF dV:#F.Nds.
D 7

//(VxF)oNdS:ZgFodr.

Formulas involving V = aw i+ ay i+ 35 k

Stokes’ theorem:

grad f=Vf, divF=VeF, culF=VxF.

Cylindrical coordinates: (rcosf,rsinf,z) = (x,y, z).
Spherical coordinates: (Rsin¢cosf, Rsin¢sinf, Rcos ¢) = (z,y, z).
Trigonometric formulas: sin20 = 2sinfcosf, cos20 =2cos>H — 1 =1 — 2sin? 4.
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