Problem 1.
(a) Key calculations are:
ug + f(u)uy =0
has characteristics given by

PO pux@.),  Xe=0=x
Hence,
%U(X(t),t) ddX +ut;lt ua f'(u) +up =0

which implies that
w(X(t),t) = u(xo,t = 0) = d(xo)  (xx).
We must find and expression for zp. From (*) we get

O _ puxe.0) = £, X0 = 1blz)+ oo

Inserting in (**) we get

(b) We compute

0
e = &/ (o) 5 (= 7/ (w)t) = & (o) (1 " (wuet) = &' (o) (1~ " (9(0)uat)
From this we find the following expression for u,:

uz (14 f"(¢(x0))¢' (z0)t) = ¢'(w0)
or ¢/($0)
L+ f"(¢(x0)) ' (z0)t’

Uy =

which blows up if

1+ f"(¢(0))¢' (z0)t = 0
Since f” > 0 this can only happen for some time ¢ > 0 if ¢/(xg) > 0.
We find

w = ¢'(:c0)§t (2= F@t) = =6/ (o) (f"(wut + f'(@)  (02)
From (bl) and (b2) we get

ue+ [ (W) =~ (o) (f”(u)utt (W) + e (w0) (1 - 1" (6(w0)uat)
= —¢'(wo) [ (wWuet — f'(u)¢' (x0) f" (d(20))ust
= —¢'(x0) f"(d(x0))t[us + f'(u)us]
Hence,
e + £ ()] (1 + & (20) £ ($(0))t) = 0.

Condition is then

1+ ¢/ (o) f"(¢(x0))t # 0
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(c) We refer to the note for the integral equality.
Motivation:
In the weak formulation derivatives have been over to the test function. Hence, we
can include solutions that might contain discontinuities

(d) Consider (*) with f(u) = fu? and
4, 0<x <1,
¢(z) = { 0, otherwise
RP-1 at z =0:
— _ 1 2 / _ 1 : n—1 o o 0, =z<0;
v+ f(v), =0, fv) = 10 f(v) = v (e, (f) 7 (v) = 2v), vo(z) = L w0

Since we have in increasing jump, we cannot have a shock solution. We look for a
rarefaction wave solution of the general form:

v, z/t < f'(v);
v(a/t) = ()M a/t), flu) <z/t<f(v);
Ur, () <z /t.
Plugging in the values of v; = 0, v, = 4 we get
0, x/t <0;
(1) v(xz/t)=4¢ 2(z/t), 0<z/t<2
4, 2 <uz/t.
RP-2 at x = 1: At x = 1 we have the following problem:
_ _ 15 / 1 4 <
wk =0, Jw =t fw=ge w@={y T5F

This jump is decreasing, hence we can obtain an entropy satisfying solution by con-
structing a shock solution. The RH condition gives the speed

 flw) ~ f(w) _ 1/4-42 - 1/4-02 _

1.
w; — Wy 4—-0

Clearly, the entropy condition is then satisfied since
fllw)=2>s=1>0= f(w).
Hence, the correct solution of this local Riemann problem is given by
owy, it —1 < st
w(z,t) = { wy, ifx—1> st.
That is,

4, ifx—1<t;
(2) w(x’t)—{ 0, ife—1>t

Consequently, there is a left rarefaction wave and a right shock as described by the
full solution

0, x < 0;

2(z/t), 0<z <2t

4, 2t<zr<t+1

0, z>t+1.

(3) u(z,t) =
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FIGURE 1. Left: Solution at time T = 1. Right: Solution at time 7" = 1.5.

At some time T the rarefaction wave catches up to the shock, this time is given as
27 =T°+1, = T°=1.
The solution (3) is valid for ¢ € [0, 7).

(e) We want to calculate the new shock (u;(t),0) and its position z4(t) for times ¢ > T°.
Firstly, the R-H condition gives the shock speed

fO) = flw(?) 1

Secondly, the characteristic associated with u;(t) is given by
(5) zs(t) = f(w(t))t.

How can we link these two relations?
The shock must be characterized by the fact that its speed s(t) is equal to the speed
of w(t) along its characteristic xs(t). Thus,

d
s(t) = ams(t).
Combining this relation with (4) and (5) gives that
1 d 1 1
Tnt) = L)) = O+ ) = S0+ Sle).
That is ) J
_ 4
—pu® =gt
o 11 1
ldt=—d
2t uy H

Integrating over [T, t] and [4,w;(t)] gives

1 [t1 woq
—/ dt:/ —duy, t>T°,
2 c t 4 Ul



or

—§ln(t)’Tcz In(u; L
which implies
T\ 1/2 Uy
n(Z)" =m(3)
t 4
From this we get
TC\1/2 4
The corresponding position xs(t) is given by
1
(7) z4(t) = 5ul(t)t =20/t, t>T°=1.
The resulting solution for t > T = 1 is then given by
0, x <0
(8) u(z,t) =< 2(z/t), 0<z<x4(t);
0, x> xs(t).

A plot of the exact solution compared with numerical solution is shown in Fig. 1 at
time 7' = 1.0 and T = 1.5 based on (3) and (8).

Problem 2.

(a) We refer to text note for details.
UT = Upp|z=0 + Uolz=0 = % +0= %

(b)
F(S) = £(S)[1 = Aogsin(a) 22— L2]

ur
(c) We find
S 06 = V=f(S)/S~088/0.6=146 = a"~VT=0.73
Moreover,
S=0.7: (0.7~ 0.5 = z5=f(S)T=05%05=0.25
S=038: 1/(0.8) =~ 0.15 = zg=f(9)T =0.15%0.5 ~0.07

See Fig. 2 for a plot of solution.

(d) Mass conservation:
Ar = Apr,

where
1 1
Ar= [ p@mas,  An=ats s [ FS)TAS = FSITS H T 1)

This gives the relation
f(57)
S*

f1(57) =



f-axis

s-axis

Fractional Flow Function Derivative of Fractional Flow Function Solution s(x)
1 ‘ 35 — — - DffdS 1 ;
— g=(Df/dS)*S—(S
9 , 9=(DHdS)"S(S) 09
!\
Iy
).8 25 , ! 0.8
! \
)7 ) | . 0.7
/ \
).6 | \ 0.6
o 15 1 \ =
)5 2 | \ X 05
oy / ®
)4 ! \ 0.4
osf '
- / N
)3 , N 0.3
) e
)2 0 02
)1 -05 0.1
0 . -1 i 0 i
0 0.5 1 0 0.5 1 0 05
S (water saturation) S (water saturation) X (dimensionless distance)
FIGURE 2. Solution of BL
flux function f(s) Initial sO
1.5
1
1 0.8
2 0.6
0.5 &
&b 0.4
o 0.2
f(s) (o N R S S A A S A A Ay SR A RSP A AP AR AT,
—-0.5
o 0.2 0.4 0.6 kr, (s) o 0.2 0.4 0.6 0.8 1
s—axis kro(s) x—axis
Solution s Oil Recovery
1
1
o8 2 0.8
©
0.6 L. 0.6
=
0.4 8 0.4
=
0.2 S o2
O Fr e e e e e b e e
o 0.2 0.4 0.6 0.8 1 % 0.1 0.2 0.3 0.4 0.5
X—axis time—axis

FI1GURE 3. Horizontal

(e) See Fig. 3, 4, and 5 for a comparison of the three different cases.
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