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EXERCISE 1

Consider a piece of wire given by the curve C1: r1(t) = t cos t i + 2
√
2

3 t
3
2 j− t sin tk ,

0 ≤ t ≤ π.

a) (i) Find a tangent vector to C1 at the point corresponding to t = π
2 . Note that

it is NOT necessary for the tangent vector to have unit length.

(ii) Find the mass of the wire knowing that the density at each point of C1 is

given by the function

ρ(x, y, z) =
x2 + z2

1 + (3
√
2

4 y)
2
3

.

Let the curve C2 ⊂ R3 be the part of the intersection of the surfaces 2x − y = 3 and

z = x2 + y2 from (1,−1, 2) to (2, 1, 5). Consider the vector field

F(x, y, z) = zy i + (yey
2

+ xz) j + xy k .

b) (i) Parametrise the curve C2 by using y = t as a parameter.

(ii) Show that F is conservative by finding a scalar potential φ for F.

(iii) Compute the line integral�
C2

F • dr .
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EXERCISE 2

Let D ⊂ R2 be the domain described by {(x, y) ∈ R2 | 0 ≤ x ≤ 1,
√
x ≤ y ≤ 1}. Notice

that D is treated as a y-simple domain.

a) (i) Sketch the given domain D in the xy-plane. Make sure to clearly label all

lines and curves that you draw, and clearly show the coordinates of each

vertex of D.

(ii) Describe D as an x-simple domain.

(iii) Compute the double integral�
D

cos(
πy3

2
) dx dy .

Let P ⊂ R3 be the plane that passes through the point (3,−2, 0) and is perpendicular

to the line with direction vector v = (0,−1, 2), and let S be the surface in P whose

projection onto the xy-plane is D.

b) (i) Find the equation of the plane P.

(ii) Compute the area of the surface S .

EXERCISE 3

Let T ⊂ R3 be the solid region above the xy-plane that lies between the cone

x2+y2−z2 = 0 and the cone 3(x2+y2)−z2 = 0, and is inside the sphere x2+y2+z2 = 9.

a) (i) Suppose that a function f(x, y, z) satisfies

f(−x, y, z) = −f(x, y, z) for all points (x, y, z) ∈ R3 .

Carefully explain why it then follows that�
T
f(x, y, z) dV = 0 .

(ii) Find the angle φ formed by the line z =
√

3y (in the yz-plane) and the

z-axis.

b) Compute the integral �
T

(3z − 4xy) dV .

Now, let S be the part of the inverted paraboloid z = 4 − x2 − y2 in the first octant

(x ≥ 0, y ≥ 0, z ≥ 0) that is inside the cylinder x2 + y2 = 1. Let F be the vector field

given by the formula

F(x, y, z) = y i− x j− z k .

c) Compute the flux of F downward through the surface S .

d) Let f(x, y) = 4 − x2 − y2. Give a unit vector in the direction of the maximum

rate of increase of f at the point P = (−1,−1).
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EXERCISE 4

Consider the vector field F(x, y, z) = (xz − y3 cos z

3
) i +

x3 cos z

3
j + (xy + z)k.

a) Compute ∇ • F (the divergence of F) and ∇× F (the curl of F).

Consider the following surface S ⊂ R3:

whose boundary C is the circle in the xy-plane of radius a and centred at the origin.

Note that S is open on the bottom. We equip S with the inwards pointing unit

normal vector field N̂1.

b) (i) Indicate (in a drawing) the induced orientation on the boundary circle C .

Explain the method you used.

(ii) Let D be the disc on the xy-plane that is bounded by the circle C , equipped

with the unit normal vector field N̂2. Indicate in a drawing which direction

N̂2 should be pointing so that Stokes’ theorem gives the following equality:�
S

(∇× F) • N̂1 dS =

�
D

(∇× F) • N̂2 dS .

(iii) Let C have the clockwise orientation, when viewed from above. Compute

the circulation of F around C , given by�
C
F • dr .

END OF EXAM
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Formulas:

Change of variables for double integrals:�
R
f(x, y) dx dy =

�
S
f(x(u, v), y(u, v))

∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣ du dv .
Line integral of a function f along a curve C : r = r(t), a ≤ t ≤ b:

�
C
fds =

� b

a
f(r(t))

∣∣∣∣drdt
∣∣∣∣ dt .

Line integral of a vector field F = F1 i+F2 j+F3 k, along a curve C : r = r(t), a ≤ t ≤ b:
�

C
F•T̂ds =

�
C
F•dr =

�
C
F1dx+F2dy+F3dz =

� b

a
F(r(t))•dr

dt
dt =

� b

a
(F1

dx

dt
+F2

dy

dt
+F3

dz

dt
)dt .

Integral of a function f over a surface S parametrised by r(x, y), (x, y) ∈ R:�
S
f dS =

�
R
f

∣∣∣∣∂r∂x × ∂r

∂y

∣∣∣∣ dx dy .
Integral of a function f over a surface S : z = g(x, y), parametrised by (x, y) ∈ R:

�
S
f dS =

�
R
f

√
1 +

(
∂g

∂x

)2

+

(
∂g

∂y

)2

dx dy .

Integral of a function f over a surface S : G(x, y, z) = c, parametrised by (x, y) ∈ R:�
S
f dS =

�
R
f
|∇G|∣∣∂G
∂z

∣∣ dx dy .
Flux of a vector field F through a surface S : z = g(x, y), parametrised by (x, y) ∈ R:�

S
F • dS =

�
S
F • N̂ dS =

�
R
F • ±(−∂g

∂x
i− ∂g

∂y
j + k) dx dy .

Flux of a vector field F through a surface S : G(x, y, z) = c, parametrised by (x, y) ∈ R:�
S
F • dS =

�
S
F • N̂ dS =

�
R
F • ±∇G

∂G
∂z

dx dy .

Divergence theorem: �

D

∇ • F dV =

�

S

F • N̂ dS .

Stokes’ theorem: �

S

(∇× F) • N̂ dS =

�

C

F • dr .

Formulas involving ∇ = ∂
∂x i + ∂

∂y j + ∂
∂z k:

grad f = ∇f, div F = ∇ • F, curl F = ∇× F .

Cylindrical coordinates: (r cos θ, r sin θ, z) = (x, y, z).

Spherical coordinates: (R sinφ cos θ,R sinφ sin θ,R cosφ) = (x, y, z).

Trigonometric formulas: sin 2θ = 2 sin θ cos θ, cos 2θ = 2 cos2 θ − 1 = 1 − 2 sin2 θ,

sin3 θ = sin θ − sin θ cos2 θ, sin4 θ = 1
4(1− cos(2θ))2, cos4 θ = 1

4(cos(2θ) + 1)2.


